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A remodeling evaluation was conducted on the sorption isotherm data for copper adsorption onto
chitosan—silica composite aerogel (Vareda et al., 2024) using nonlinear regression due to the
irregular manner in which the regression was done and reported. The remodelling exercise results
showed that the top five were Koble-Corrigan, Brouers—Sotolongo, Fritz-Schlunder III, Hill, and
Sips models. The Brouers—Sotolongo model was the most precise in estimating the maximum
adsorption capacity (gm) because it considers the surface's heterogeneity and offers narrow
confidence intervals. On the other hand, the Langmuir model chosen in the original publication
had wide confidence intervals, which means that it was less precise. In addition, the study also
stresses the need to use various error functions to improve the model selection and increase the
validity of the models. In addition, for the first time, to the best of our knowldege, this study
reported on the first use of Multiobjective Optimization by Ratio Analysis (MOORA) method for
isothermal model selection and ranking in the adsorption field. This approach simplifies the
selection process by systematically evaluating and ranking the numerous isotherm and kinetic
models that are commonly used in adsorption research. Therefore, this study recommends using
advanced and flexible isotherm models such as Brouers-Sotolongo for accurate adsorption
modeling but also stresses the need for rigorous statistical validation in adsorption research. The
results of this study can be used to enhance the accuracy of adsorption studies in wastewater
treatment, environmental remediation, and material science applications.

INTRODUCTION

significantly distort nonlinear regression analysis, leading to
misleading conclusions [2]. To assess residual randomness, the

SEM of S. officinarum

Nonlinear regression of adsorption isotherm data presents
significant challenges when working with small datasets (six
points or fewer), particularly in assessing residual normality,
heteroscedasticity, and randomness. Normality tests such as
Shapiro-Wilk and Anderson-Darling typically require larger
datasets (>10 points) to provide meaningful results [1]. Their
statistical power is often insufficient for small datasets, making it
difficult to distinguish between normal and non-normal
distributions. Even when normality is assumed, small sample
sizes can skew residual distributions, leading to misinterpretation
of model performance. Another prevalent issue in adsorption
studies is heteroscedasticity, where residual variance is non-
constant, particularly when data spans a wide concentration
range. Traditional tests such as Bartlett’s, Levene’s, and White’s
are unreliable for small datasets, making visual methods like
residual versus fitted value plots more commonly used, albeit
subjective. If left unaddressed, heteroscedasticity can

runs test is often employed, detecting systematic patterns in
residuals that may indicate model misspecification. However,
with datasets containing six or fewer points, the test produces
limited runs, reducing statistical confidence. Small sample sizes
elevate the risk of Type I and Type II errors, making the test
unreliable in distinguishing true randomness [3]. Due to these
limitations, traditional validation methods may not be robust
enough for small adsorption datasets. To compensate,
incorporating multiple error functions into model selection
improves reliability despite dataset size constraints. This
highlights the necessity for complementary statistical approaches
to ensure model accuracy and reliability.

Beyond these statistical challenges, selecting an appropriate
adsorption isotherm or kinetic model remains difficult due to the
vast number of available models and evaluation criteria.
Conventional model selection methods primarily rely on a single
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evaluation metric, such as the coefficient of determination (R?)
or the sum of squared errors (SSE). However, these metrics alone
fail to provide a holistic view of model performance across
multiple dimensions [4,5].

To improve model selection, multiple error functions can be
used to assess model accuracy from different perspectives. The
adjusted R? [6] accounts for model complexity, making it more
reliable for comparing models with different parameter counts.
However, it still does not penalize overfitting as effectively as
information-theoretic criteria like the corrected Akaike
Information Criterion (AICc) [7,8] and the Bayesian Information
Criterion (BIC) [9]. AICc corrects for small sample sizes,
preventing overfitting while maintaining a good data fit, whereas
BIC imposes a stricter penalty on model complexity, favoring
simpler, more generalizable models. Hannan and Quinn’s
Criterion (HQ) [10] serves as a compromise between AICc and
BIC, applying a logarithmic penalty to balance goodness-of-fit
and complexity.

Additional statistical functions further enhance model
assessment. Root Mean Squared Error (RMSE) quantifies the
average residual deviation, though it is sensitive to large errors.
Marquardt’s Percent Standard Deviation (MPSD) ([11-13]
normalizes errors based on model complexity, providing a more
balanced metric. Bias Factor (BF) and Accuracy Factor (AF)
(Ross, 1996) assess systematic deviation and predictive
reliability, respectively. A BF value of 1 indicates an unbiased
model, while an AF value close to 1 suggests high predictive
accuracy. These error functions, widely reported in adsorption
research, ensure that model selection accounts for overfitting
risks, predictive power, and overall goodness-of-fit [14—17].

The Multiobjective Optimization by Ratio Analysis
(MOORA) method provides a powerful methodology for
handling this complexity by utilizing many objectives during
decision-making. MOORA is one of the Multi-Criteria Decision-
Making (MCDM) and also include other methods such as
Analytic Hierarchy Process (AHP) [18], Technique for Order
Preference by Similarity to Ideal Solution (TOPSIS) [19],
Preference Ranking Organization Method for Enrichment
Evaluation (PROMETHEE) [20] and Weighted Sum Model
(WSM) [21,22]. Of these, the MOORA method offers advantages
in terms of simplicity and efficiency for small datasets as its
direct ratio-based approach by aggregating normalized
performance values removes subjective preference assignments
or complex iterative calculations inherent in the other methods
making it easier to apply in small datasets [23,24].

MOORA ranks adsorption models using a decision matrix
that integrates multiple performance metrics. Weights are
assigned to each criterion, and models are ranked based on
normalized performance scores. Unlike conventional model
selection, which may prioritize a high R? value despite large SSE
deviations, MOORA considers multiple, often conflicting,
indicators to ensure a well-rounded evaluation [25-29]. While
MOORA has been applied in adsorption research for adsorbent
selection in CO: capture [30], it has not yet been used to rank
isotherm or kinetic models. Other MCDM methods, such as AHP
and TOPSIS, have been applied in adsorption research, but these
applications focused on selecting adsorbents based on cost,
safety, accessibility, and reusability, rather than explicitly
ranking nonlinear adsorption models based on error functions
[31]. Integrating multiple criteria into model selection enhances
objectivity, ensuring transparent and reproducible decisions.
MOORA'’s ability to balance multiple statistical measures,
including error functions, model complexity penalties, and

performance accuracy, makes it an ideal tool for adsorption
studies. To date, MOORA has not been employed for adsorption
isotherm or kinetic model ranking, making this study a
pioneering effort. We demonstrate MOORA’s effectiveness in
our remodeling of a previous adsorption study [32] , which relied
on an inconsistent application of error function analysis for
determining the best adsorption model for copper binding to
chitosan—silica composite aerogels. By adopting MOORA for
model selection, adsorption researchers can ensure more reliable
and systematic progress in evaluating adsorption models,
reducing subjectivity while maintaining computational
efficiency, especially in small datasets. Future research should
explore the integration of MCDM frameworks with traditional
error functions to create a more comprehensive and objective
model selection process in adsorption studies.

METHODS

Data acquisition and fitting

Figure 4b data from a previously published study [32] was
digitized using the freeware Webplotdigitizer 2.5 [33]. The
program's digitization capabilities have garnered accolades for
their reliability [34]. Then, Curve-Expert Professional (Version
2.6.5, copyright Daniel Hyams), a program for curve fitting, was
used to perform nonlinear regression on the data. MATLAB
software package (Mathworks, Massachusetts, USA) was used to
resolve the implicit equations.

Statistical analysis

This study employed the following statistical discriminatory or
error functions tests; HQ (Hannan and Quinn's Criterion) [10],
Bias Factor (BF), Accuracy Factor (AF) [63], root-mean-squared
error (RMSE), adjusted coefficient of determination (R?) [6],
corrected Akaike Information Criterion (AICc) [7,8],
Marquardt's percent standard deviation (MPSD) [11-13] and
Bayesian Information Criterion (BIC) [9]. In general, n is the
total number of observations, Obi and Pdi are the predicted and
observed values, and p is the total number of parameters of the
model [64].

RMSE was calculated using the following formula;
RMSE = [Beapdizon?
n—p

BF and AF were calculated using the following formula;

(Eqn. 1)

Bias factor = 10( . log %ﬂ)

(Eqn. 2)

Accuracy factor = 10( ™, log w)

(Eqn. 3)
AICc was calculated using the following formula;

AlICc = 2p + nin (RSS) + 2p+D+2(p+2)

n n-p-2

(Eqn. 4)

BIC was calculated using the following formula;

RSS’

BIC = nln (T) + kIn(n) (Eqn. 5)
HQC was calculated using the following formula;
HQC = nin (%) + 2kIn(In 1) (Eqn. 6)
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Adjusted coefficient of determination (R?) was calculated using
the following formula;

RMS

Adjusted (R*) =1—

Adjusted (R?) =1

MPSD was calculated using the following formula;

1
MPSD = 100 EZL(

Isotherms

_ A-R®)(n-1)

s

(n-p-1)

oz;,-—mi)z
0b;

(Eqn. 7)

(Eqn. 8)

(Eqn. 9)

Due to the low number of data points, only models (Table 1) with
parameters limited to three were deemed appropriate to prevent

overfitting.

Table 1. Mathematical models in the remodelling data [35,36].

Application of Multiobjective Optimization by Ratio
Analysis (MOORA) in Modeling

The Multiobjective Optimization by Ratio Analysis (MOORA)
was employed for multi-criteria decision-making (MCDM) in the
modeling exercise since a mixture of error function superiority is
often found for the top models. This approach facilitates the
selection of the optimal model by simultaneously evaluating
multiple performance metrics [26,27]. The methodology consists
of the 1% step of the normalization of the decision matrix to
ensure comparability among different performance metrics; the
decision matrix was normalized. Given that these metrics may
have varying units and magnitudes, normalization needs to be
carried out using the following equation:

Xij

I
X}, =

(Eqn. 10)

n 2
Zica Xij

Where Xj is the original value of the j# metric for the i model,
and X' is the normalized value.

Isotherm p Formula Ref.
Henry's law 1 q. = HC, [37]
. G b,.C [35]
Langmuir 2 e = 17:—LbLLCZ
Jovanovic 2 Ge = Gy (1 — e7KiC) [38
1
Freundlich 2 4o = KFCenT (39
Dubinin- 2 [40,41]
Radushkevich Incorrect form "
qe = QmpRrEXP {—KDR [RTln (1 + C_)] }
e
correct form [42,43]
c 2
e = 9mpREXP {_KDR RTIn <(C_S)>] }
A [44]
Koble-Corrigan 3 =17 BC}
RT
Temkin 3 4o =5 (In(arC) [4546]
T
. _ KgpiCe [47]
Redlich-Peterson 3 Qe ="  Bar
1+ KppaC°°
S [48]
K. C
Sips 3 Ge = Zsllmste _ =
1+ K,C)'S
Toth 3 ge = —miCe [49]
o —_ ftmre
* (Kp+C)T
cH 50
Hill 3 qp = miZe 0]
Ky +CM
qmi bk Ce [51]
Kh 3 = i Ke
o fe = T+ beCo
Gmper ¥ger Ce [52]
BET 3 =
e (1 = BperCe)(1 _bﬁBEgCe + aperCe)
. _ GmysbysCe [53]
Vieth-Sladek 3 qe = T+ bysC)s
B 54-56
AppBgpC, [ ]
Radke-Prausnitz 3 Ge = %
Agp + BpC,
0 2 [57-59]
Brouers—Sotolongo 3 Qe = Qmas [1 — (1 +(0.5) (_) ) ]
T
. _ QmrsKesCe [60]
Fritz-Schlunder-III 3 e T T4 Koy s
Fowler-Guggenheim* [61]
age
3 K L C e qmFG
9e = Qmrc @G,
1+ K, Coemrc
Moreau 3 bC, + 1b2C,2 [62]
e = GmM o bC, + 1b2C,2
. qmu ay + Ceebu
1 3 —mu (ZY " —e”
Unilan qe 2by in (au TGt

Note *Implicit equation or function.

Ratio System Analysis

The normalized values were then aggregated using an approach
of a ratio system. Beneficial criteria (those that should be
maximized, adjR’) were summed up, while non-beneficial
criteria (the rest of the error functions) or those that should be
minimized were subtracted using the following formula:

yi = Zbeneficiulxilj _Znun—beneficial XL’_] (Eqn 11)

Where Y; is the final score for the i model

In circumstances where certain criteria were deemed more
crucial than others, weighted ratios are recommended to be
incorporated into the analysis. The suggestion for incorporating
Weighted Ratios is not carried out at this point in time as the
consensus for which error functions listed above has priority over
the other has not been documented in the literature. The final step
is ranking models based on their aggregated performance scores.
Higher scores indicated superior performance. The model with
the highest value was considered the most optimal based on the
given decision criteria. This methodology allowed for an
objective and systematic comparison of kinetic models,
facilitating the identification of the best-performing model while
considering multiple performance metrics simultaneously.

RESULTS AND DISCUSSION

Several models were applied to the equilibrium data of [32] by
nonlinear regression. Notably, as shown in Figs. 1-18, all of
these models showed good data fits with the exception of the
Henry and the Dubinin—Radushkevich model, of which the latter
failed to converge. The error function analysis is shown in Table
2. The Multiobjective Optimization on the Basis of Ratio
Analysis (MOORA) approach was used to compare the
adsorption isotherm models' effectiveness, which is presented in
Table 3. The top five models in descending order were found to
be the Koble-Corrigan, Brouers—Sotolongo, Fritz-Schlunder III,
Hill, and Sips models ranked in the form of the SCO or the
Standard Competition Order (1-2-2-4), where when two ranks are
tied, they received the same rank and the next rank will be
skipped one rank. MOORA’s uses the SCO as the basis of
ranking and its uses in academia as a rank system is reported early
in the year 2009 [65] based on a Google Scholar search for the
term “Standard Competition Order” 1-2-2-4 rule.
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The compared isotherms were found to show higher fitting
capability than other evaluated isotherms. These models were
then compared with the Langmuir and Freundlich models. The
Langmuir, Brouers-Sotolongo, Sips, and Hill models were able
to estimate the maximum adsorption capacity (gm) with relatively
narrow confidence intervals. Conversely, the Langmuir model
exhibited a wide confidence interval (Table 4), which may
indicate a lower precision in the estimation. However, the Fritz—
Schlunder-III model was found to overestimate the ¢m
significantly and gave a very high value. This inconsistency may
be due to the model being overfitted, or the model might not have
been able to properly capture the adsorption equilibrium data
within the range of concentrations used in the study.
Nevertheless, the Freundlich, Koble-Corrigan, and Brouers-
Sotolongo models were found to be unable to estimate the gm
because they are more empirical or semi-empirical models which
are often used to describe the adsorption process rather than
estimating the saturation capacity.

Out of the models assessed, the Brouers—Sotolongo
isotherm was found to be the most accurate model for
determining gm. This conclusion is drawn from the fact that it can
produce a precise estimate with narrow confidence limits while
taking into consideration the heterogeneity of the adsorption
process. The Langmuir model, nevertheless, remains popular
despite a higher level of uncertainty in its application.

50 -
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Fig. 1. Copper adsorption onto chitosan—silica composite aerogel
modelled using the Henry model.
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Fig. 2. Copper adsorption onto chitosan—silica composite aerogel
modelled using the Langmuir isotherm model.
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Fig. 3. Copper adsorption onto chitosan-silica composite aerogel
modelled using the Freundlich isotherm model.
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Fig. 4. Copper adsorption onto chitosan-silica composite aerogel
modelled using the Temkin isotherm model.
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Fig. 5. Copper adsorption onto chitosan—silica composite aerogel
modelled using the Koble-Corrigan isotherm model.
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Fig. 6. Copper adsorption onto chitosan—silica composite aerogel
modelled using the Jovanovic isotherm model.
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Fig. 7. Copper adsorption onto chitosan—silica composite aerogel Fig. 11. Copper adsorption onto chitosan—silica composite aerogel
modelled using the Redlich-Peterson isotherm model. modelled using the Khan isotherm model.
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Fig. 8. Copper adsorption onto chitosan—silica composite aerogel Fig. 12. Copper adsorption onto chitosan—silica composite aerogel
modelled using the Sips isotherm model. modelled using the BET isotherm model.
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Fig. 9. Copper adsorption onto chitosan—silica composite aerogel Fig. 13. Copper adsorption onto chitosan—silica composite aerogel
modelled using the Toth isotherm model. modelled using the Vieth-Sladek isotherm model.
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Fig. 10. Copper adsorption onto chitosan—silica composite acrogel Fig. 14. Copper adsorption onto chitosan—silica composite aerogel
modelled using the Hill isotherm model. modelled using the Radke-Prausnitz isotherm model.
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Table 2. Error function analysis for the fitting of the isotherm of copper

40 adsorption onto chitosan—silica composite aerogel.
[ ]

30 ° ° Model p MPSD RMSE adR’> AICc BIC HQC BF AF
_ Henry 1 1678.6 16.786 -0.157 42.753 34.54 33.92 0.525 2.157
g ® EXP Langmuir 2 7767  7.767 0.217 44.167 25.7524.50 0986 1.174
E 201 Freundlich 2 1002.3 10.023 -0.539 47.226 28.81 27.56 0.958 1.232
$ — Brouers_Sotolongo Temkin 3 1010.2 10.102 -0.240 77.594 28.97 27.09 0.960 1.198

Koble-Corrigan 2 24972 2497 096 30.549 12.13 10.88 0.901 1.059

10 4 Jovanovic 2 664.17 6.642 0442 42.288 23.8722.62 0.999 1.143

Redlich-Peterson 3 64433 6.443 0473 72.198 23.5721.70 1.001 1.110
Sips 3 27528 2.753 0.943 61993 13.37 11.49 1.006 1.042
0 i i i ! Toth 3 661.24 6.612 0.443 72.509 23.88 22.01 0.999 1.111
0 100 200 300 400 Hill 3 27528 2753 0.943 61.993 1337 1149 1.006 1.042
Ce (mg/L) Khan 3 687.88 6.879 0.386 72.982 24362248 0.997 1.115
BET 3 697.74 6.977 0.321 73.153 24.53 22.65 1.002 1.109
. . . - . Vieth-Sladek 3 713.44 7.134 0.346 73.420 24.8022.92 0.993 1.121
Fig. 15. Copper adsorption onto chltosa.n—sﬂlca composite aerogel Radke-Prausnitz 3 68788 6879 0386 72982 24362248 0997 1115
modelled using the Brouers-Sotolongo isotherm model. Brouers-Sotolongo 3 258.08 2.581 0.948 61.218 12.59 10.72 1.007 1.043
Fritz-Schlunder III 3 258.08 2.581 0.948 61.218 12.59 10.72 1.007 1.043
50 - Unilan 3 89725 8972 -0.177 76.171 27.5525.67 0985 1.174
Fowler-Guggenheim 3 31629 3.163 0.926 63.659 15.03 13.16 0.994 0.994
Moreau 3 607.54 6.075 0.581 71.492 22.8720.99 1.008 1.008

40 Note:

Qe (mg/g)
- N w
o =3 =1
[}
[ J
[ J
[ J

o

100 200 300
Ce (mg/L)

® EXP

— Fritz-
Schilunder 111

400

Fig. 16. Copper adsorption onto chitosan—silica composite aerogel
modelled using the Fritz-Schlunder III isotherm model.
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Fig. 17. Copper adsorption onto chitosan—silica composite acrogel

modelled using the Unilan isotherm model.
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Fig. 18. Copper adsorption onto chitosan—silica composite aerogel

modelled using the Moreau isotherm model.

RMSE Root mean Square Error

adR?  Adjusted Coefficient of determination
P no of parameters

AF  Accuracy factor

BF Bias factor

BIC  Bayesian Information Criterion

AICc Adjusted Akaike Information Criterion
HQC Hannan—Quinn information criterion

Table 3. Ranking of isothermal models based on MOORA.

MOORA’s Rank

Model Ratio value
Koble-Corrigan -6.37 1
Brouers—Sotolongo -16.60 2
Fritz-Schlunder I11 -16.60 2
Hill -17.36 4
Sips -17.36 4
Jovanovic -18.98 6
Fowler-Guggenheim -19.10 7
Langmuir -21.95 8
Freundlich -27.77 9
Moreau -29.50 10
Redlich-Peterson -30.64 11
Toth -31.16 12
Radke-Prausnitz -31.97 13
Khan -31.97 13
BET -32.26 15
Vieth-Sladek -32.73 16
Unilan -38.07 17
Henry -40.68 18
Temkin -41.16 19

Koble-Corrigan, Hill, and Sips models

The Koble-Corrigan isotherm model is a 3-parameter adsorption
model. The model combines the features of Langmuir and
Freundlich models to fit data from heterogeneous surfaces with
different energy sites. Since this model can designate both
monolayer and multilayer adsorption, it is useful when the
Freundlich model fits the data poorly at high surface site
capacities, and the Langmuir model fits the data poorly at low
surface site capacities. This model is used extensively in
environmental and industrial adsorption studies in wastewater
treatment, heavy metal removal, and dye adsorption [66—68]. It
has an exponent parameter that better describes various systems'
adsorption intensity and capacity. As a result, estimating model
parameters is a nonlinear regression task, which is more time-
consuming than other simpler isotherm models. Nevertheless, its
complexity is rewarded with a more realistic description of the
adsorption behaviour on real-world heterogeneous adsorbents,
which makes it a valuable tool in adsorption science and
engineering.
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Table 4: Isothermal models' constants for copper adsorption onto chitosan—silica composite aerogel .

Model p Unit Value (95% confidence interval)
Langmuir gmz  mgg! 39.329 19.273 to 59.387
br L mg? 0.0328 -0.0293 to 0.0951
Freundlich” Kr  (mgg'.Lmg )" (L mg 6.996 -8.124 to 22.117
np D) 3.467 -1.650 to 8.584
Koble-Corrigan” A (mg g (L mg» 0.000017288 -0.00024 to 0.00028
B (L mg)n 0.0000005027 -0.000007 to 0.000008
n dimensionless 4.51 -0.155 t0 9.174
Koble-Corrigan (test for /B mg g 34.3902924 (8 decimal points for values of A and B)
equivalence) =qmrc 17.000 (6 decimal points for values of A and B)
Brouers-Sotolongo gmps mg gl 34.01 29.605 to 38.410
Kps  mgV/nBST,\/nBS 0.00009 -0.00006 to 0.00008
nps  dimensionless 0.29 0.073 to 0.498
Sips gms mgg! 34.114 29.089 to 39.139
Ks (L mg1)ns 0.000000008504 -0.0000001 to 0.0000002
ns dimensionless 0.172861 -0.0302 to 0.376
Sips (test for qeuivalence) 1/ns 5.78489
I/Ks  L-"mg” 117557243.87
Hill gwu Mg gl 34.114 29.09 to 39.14
nu dimensionless 5.78489 -1.01 to 12.58
Ky mgL? 117557243.87 -2412930516.71 to 2648045004.45
Fritz—Schluender—II1 gmrs  mg gl 1217.68 -8572.67 to 11008.04
Krs Lmg! 0.00066 -0.00513 to 0.00644
nFs dimensionless 1.616 0.173 to 3.058

Note

#Isotherms that have no direct way in estimating maximum adsorption capacity (mg g'). Underlined values indicate the same values shared by more than one model.

The Sips model integrates the highly utilized Langmuir and
Freundlich isotherms and facilitates the prediction of
heterogeneous adsorption systems. The Sips model addresses the
limitations encountered in modeling elevated solute
concentrations inherent to the Freundlich model. At low solute
concentrations, it effectively converges to the Freundlich
isotherm. At high solute concentrations, it simplifies the
Langmuir model of monolayer sorption capacity [69]. The Sips
model is found to be the best model in various sorption studies
[70-75].

The Hill model was introduced and is based on the notion of
a mobile-first layer conforming to a two-dimensional van der
Waals equation. Nonetheless, the Hill model was found to be the
most effective in scenarios involving moderately elevated
concentrations. It points towards the strength of attraction
between an adsorbent and its intended adsorbates, which is
demonstrated by the steepening of the isotherm curves at
increasing values of Kn. By modifying the values of nx, a range
of isotherms can be deduced from the Hill model, which
encompasses the S- and L-shaped curves. Chu et al. [76] recently
demonstrated the mathematical equivalence of the Hill, Liu, Sips,
and Koble—Corrigan isotherm models. However, to sustain these
models' historical context and original conceptual
individualisms, they will continue to be depicted in their
traditional forms to preserve each of the model's theoretical
interpretations  while acknowledging their underlying
similarities. An interesting observation regarding the MOORA’s
ranking is that the Koble-Corrigan model is given the first rank
whilst both the Sips and Hill model, each receive a rank of 2,
confirming their mathematical equivalence as shown by Chu [76]
and also demonstrated in the same values for the parameters in
the (test for equivalence) row. The question is why does the
Koble-Corrigan model does not receive the same rank? The
analysis presented in Table 4 for the Koble-Corrigan model (test
for equivalence) suggests that the observed discrepancy is likely
due to the sensitivity of the calculated parameter values to the
number of decimal places used in the computation. In certain
datasets, such as the one used by Chu, the parameter g is derived

from the division of A by B (or A/B). In Chu et al., [76] these
parameters are denoted as Q and bk, respectively, leading to a
calculated value of ¢»=17.88/0.006=2980 g»= 17.88/0.006 =
2980 mg/g.

In Table 3 of Chu’s paper, the calculated g value for the
Sips, Liu, and Hill models was consistently reported as 2795
mg/g. If the Koble-Corrigan model were to be considered
mathematically equivalent to the Sips, Liu, and Hill models, the
gm value should align accordingly. Additionally, the
dimensionless parameter n was reported as 0.748 for the Koble-
Corrigan, Sips, Liu, and Hill models [76]. Given this
equivalency, the other parameters should be determinable with
precision, except for gm, which appears inconsistent. This
discrepancy is likely due to the number of decimal places used in
calculations for the Koble-Corrigan model. While it is
mathematically equivalent to the Sips, Liu, and Hill models, the
exact parameter values may differ slightly due to rounding and
numerical precision in the computation process.

Fritz-Schlunder 111

The Fritz Schlunder III isotherm is a model employed to explain
the adsorption processes on surfaces having varying
characteristics. It integrates the elements of the Langmuir and
Freundlich isotherms, which renders it suitable for certain
situations where adsorption sites display differences in energy
levels and capacities. This model demonstrated significant
efficacies in real-world data for limited adsorption systems. Its
advantage is its ability to accommodate adsorption energies and
capacities, and it is a valuable model for the prediction of the
adsorption process in heterogeneous systems [60].

Brouers-Sotolongo

The Brouers-Sotolongo (BS) model is an isotherm model whose
development incorporates the principles of the classical models
to describe the adsorption processes on heterogeneous surfaces.
The BS model was developed by incorporating new parameters
representing the variety and complexity of active sites on the
adsorbent material. The BS model provides a generalised
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approach to the description of adsorption isotherms. The
superiority of the model has been shown in numerous
applications.

The BS model was found to be the best fit for the adsorption
data in a study that involved the biosorption of Yellow Tartrazine
dye using the agro-industrial wastes sugarcane bagasse and rice
husk [77]. Another investigation for metal sorption on soils that
utilizes models including Brouers-Sotolongo, Sips, Hill, and
Langmuir-Freundlich models showed that the BS model fitted
the experimental data very well [78]. More recent work on the
adsorption of mercury (II) ions (Hg2+) onto a novel porous
organic polymer also showed the BS as the best model [79].
Another work on removing Gram negative enteric bacteria using
a hybrid clay composite that is surface-modified with chitosan
also showed the BS model as the best model [80].

MOORA distinguishes itself through its simplicity and
computational efficiency, as it normalizes performance ratings
across criteria, eliminating the need for complex pairwise
comparisons or distance calculations. This approach is
particularly advantageous when handling criteria with different
units and scales, allowing for transparent and rapid evaluation.
Although MCDM has been extensively applied in other model
ranking exercises, such as evaluating Software Reliability
Growth Models (SRGMs) [81], its application in adsorption
model selection remains scarce. A significant limitation of
nonlinear modeling is that small datasets (such as the six data
points used in this study) may fail to adequately describe
adsorption behavior. Limited data increases the likelihood of
capturing random noise rather than true adsorption trends,
leading to overfitting and unreliable parameter estimation. Small
datasets also suffer from low statistical power, wider confidence
intervals, and difficulty in model validation. To mitigate these
challenges, statistical techniques such as Monte Carlo
simulations, bootstrapping, and sensitivity analysis can improve
model robustness and provide deeper insight into adsorption
behavior [82].

In the original publication of [32], the values obtained in this
study are similar, but the Langmuir choice as the better model
based on AIN and BIC is premature as the difference in values is
less than 5. In addition, extracted residual data for the sum of
squared residuals (SSR) of the Hill model was 30.56, while for
the Langmuir model, it was 266.26, suggesting a better fit for the
Hill model. Since the Freundlich model was not shown in Figure
4b despite the fitting parameter values are shown in Table 4 of
[32], it was excluded from the analysis. Additionally, the
coefficient of determination (R? calculated by us for the
extracted data for the Hill model was 0.9787, meaning it
describes 97.87% of the variance in the experimental data,
whereas, for the Langmuir model, it was 81.42% (R? = 0.8142).
Even when accounting for model complexity using the adjusted
R? that penalizes for the extra parameter of the Hill's model, the
Hill model remains superior, with an adjusted R? of 0.9573
compared to 0.7213 for the Langmuir model based on our
calculations. These results uphold that the Hill model provides a
significantly better representation of the adsorption activity,
establishing it as the preferred model in contrast to the original
findings of [32]. The R? value is reported for the Weber and
Morris model but missing from the pseudo-first-order and
pseudo-second-order models in Table 3 [32]. As R?is one of the
most popular goodness-of-fit metrics, the lack of it makes it very
difficult to justify why the pseudo-second-order model is better
than the others. This inconsistency is further compounded by the
isothermal model fitting where no R? values are reported for
Figure 4b of [32], even though it was initially utilized to choose

the best kinetics model. Since the comparison of models involves
different parameters, the adjusted R? should have been used
instead because it penalizes the number of parameters. We
demonstrated that even using adjusted R? the Hill model is still
the best compared to Langmuir. Without this correction, the
preference of one model over the other may be misleading
because of overfitting. Further, the application of AIC and BIC
is not thorough because the authors do not present the delta
values of AIC and BIC as Motulsky and Ranas (2006)
recommended. As pointed out by statistical best practices, a
AAIC > 5 is required to establish the difference between models
firmly.

This paper [32] shows that the reported AIC and BIC values
show only small differences; hence, the conclusions based on
these criteria may not be statistically significant. Thus, the lack
of a correct assessment of AAIC and ABIC makes it doubtful to
choose the best kinetic and isotherm models. Our application of
MOORA demonstrated superior performance in ranking
adsorption models, overcoming the inconsistencies of previous
analyses. The original conclusions by Vareda et al. [32] can be
strengthened by incorporating additional error functions and a
structured MCDM approach, reinforcing the reliability of
adsorption model selection.

CONCLUSION

The equilibrium adsorption data from a published work were
reanalyzed using several nonlinear regression models, and it was
found that most of the models fitted the data well except for the
Henry and Dubinin-Radushkevich models. The Multiobjective
Optimization on the Basis of Ratio Analysis (MOORA) was
applied to develop a systematic or objective approach for ranking
the adsorption isotherms, and the ranking result showed that the
order of isotherms is Koble-Corrigan, Brouers-Sotolongo, Fritz-
Schlunder III, Hill and Sips. The Brouers-Sotolongo model was
discovered to be the most accurate in the estimation of maximum
adsorption capacity (gm) because it could incorporate the
phenomenon of surface heterogeneity while maintaining
accuracy with narrow confidence intervals. These results show
that the Langmuir model is not without its limitations; even
though it is one of the most popular models, it has a wide
confidence interval and low precision. Furthermore, the Fritz-
Schlunder III model was discovered to overestimate gm
significantly, which may be attributed to overfitting. It was thus
possible to establish that the Koble-Corrigan, Sips, Hill, and Liu
models are equivalent mathematically, but the slight
disagreements in the calculated parameter values were accredited
to rounding of the decimal points. The main weakness of this
and many isothermal studies was the size of the dataset which
can affect the accuracy of the model fitting and possible
mechanistic interpretation of adsorption processes. In order to
address this, it is suggested that in future work, more data should
be collected and analyzed, and statistical procedures such as
Monte Carlo simulations and bootstrapping should be used to
increase the stability of the models. Furthermore, the result of
this study stresses the importance of using statistical criteria, such
as adjusted R? and AAIC/BIC, for model identification and to use
and report them nonselectively. The use of MOORA in the
ranking of adsorption models has been found to be a better and
more systematic way of making the analysis than what has been
done previously. These results support the previous findings,
which suggest that it is necessary to employ multiple evaluation
criteria for the adsorption systems in order to gain a fuller
understanding of the adsorption processes.
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