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INTRODUCTION 
 
The world is facing a great challenge in ensuring widespread 
access to clean and safe drinking water. Water pollution occurs 
when environmental stressors are introduced at concentrations 
exceeding the maximum permissible levels, rendering water 
unsuitable for consumption and various other purposes. Such 
pollution stems from the presence of organic and/or inorganic 
chemicals, minerals, or waste materials originating from diverse 
sources, including industrial, agricultural, clinical, and domestic 
activities [1–5]. Of these sources, industrial effluents emerge as 
the most significant contributors to the contamination of surface 
and groundwater. This phenomenon is exacerbated by the rapid 
process of globalization and urbanization, which fuels the 
demand for products manufactured using dyes and heavy metals 

[6–11]. Notably, heavy metals like copper (Cu) and lead (Pb) are 
commonly found in the wastewater of industries situated in 
smelting, electrical, and mining areas[12–14]. Meanwhile, dyes 
and pigments are prevalent in the effluents of sectors such as 
food, textiles, and pharmaceuticals, where these substances are 
employed as colorants. It is crucial to highlight the carcinogenic 
and mutagenic properties of these non-biodegradable and highly 
toxic chemicals [15–19]. 
 

Dyes, broadly categorized into various types, are essential 
in industries like textiles, with approximately 8 × 105 tons of 
synthetic dyes produced annually [15,20,21]. The textile sector 
alone accounts for roughly 75% of the global dyestuff market, 
employing a wide array of dyes for fabric coloring and printing . 
However, excessive dye usage can lead to poor fixation on 
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 ABSTRACT 
A remodeling analysis was conducted on the sorption isotherm data for Congo Red adsorption 
onto kaolin using nonlinear regression. (CR)  also known as 1-naphthalenesulfonic acid, 3,3′-
(4,4′-biphenylenebis(azo)) bis(4-amino-) disodium salt, is a synthetic anionic azo dye widely 
utilized in various industrial sectors, including rubber, plastic, textiles, paper, and printing. This 
dye is of significant interest due to its versatile applications and unique chemical properties. To 
prevent overfitting due to the limited data points, isotherm models with up to three parameters 
were utilized. Statistical analysis based on error function assessments, including root-mean-
square error (RMSE), adjusted coefficient of determination (adjR2), accuracy factor (AF), bias 
factor (BF), Bayesian Information Criterion (BIC), corrected AICc (Akaike Information 
Criterion), and Hannan-Quinn Criterion (HQC), revealed that the best performance was achieved 
by the Freundlich model, followed by the Langmuir and Jovanovic models, which ranked as the 
top three models.The best isotherm model was found to be the Unilan followed by (descending 
order) Brouers–Sotolongo, Hill, Sips and Langmuir. The Unilan maximum adsorption capacity, 
shows large deviation from the experimentally observed value with a large 95% confidence 
interval, indicating poor fitting parameters despite being the best model based on the error 
function analysis. The next best model was Brouers–Sotolongo with a maximum adsorption 
capacity, qmBS of 5.48 mg g-1 (95% confidence interval from 4.791 to 6.172) which agrees with 
experimental observations. The value of the maximum monolayer adsorption capacity for Congo 
Red binding to kaolin according to the Langmuir’s parameter  qmL was 5.49 mg g-1 (95% 
Confidence interval from 5.018 to 5.967), while bL (L mg-1), the Langmuir model constants was 
0.5 L mg-1 (95% C.I. from 0.285 to 0.710). 
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materials, causing surface water and groundwater contamination 
through effluent discharge, visible as undesirable color, and 
negatively impacting aquatic ecosystems. Dye pollution 
diminishes light penetration, elevates biochemical oxygen 
demand (BOD), and impairs photosynthetic activities in aquatic 
flora, affecting the food sources of aquatic organisms [22–26]. 
Beyond ecological concerns, synthetic dye discharge renders 
water aesthetically unpleasant and raises health worries, as 
studies have identified genotoxic, mutagenic, and carcinogenic 
effects from the consumption of water containing synthetic dyes 
[27–29]. Congo Red (CR) possesses a stable aromatic structure, 
rendering it non-biodegradable and harmful to both aquatic 
organisms and human health [17,30–33]. Consequently, it 
becomes imperative to address effluents containing CR before 
their discharge into the environment. Extensive research by 
scientists has yielded a plethora of treatment technologies for CR, 
encompassing physical, chemical, and biological approaches, 
each accompanied by its distinct set of challenges, drawbacks, 
advantages, limitations, applicability, and cost considerations. 
 

Adsorption serves as a highly effective and safe method for 
purifying contaminated water, offering cost-efficiency without 
associated hazards. Adsorbents utilized in this process can be 
derived from various sources, including microbial biomass, 
inorganic substances, and natural substrates [8,34–37]. Recent 
years have witnessed substantial research into the biosorption of 
mercury, yielding high-quality results achieved at a reasonable 
cost. Low-cost adsorbents play a crucial role in this context, 
encompassing materials readily available in large quantities, 
abundant in nature, or generated as by-products in industrial 
processes. One of the primary applications of kaolin lies in its use 
as a versatile material in various industries. Kaolin finds 
significant utility in drilling mud, where it serves as a critical 
component. Additionally, it functions as a binder, purifier, 
absorbent, and carrier for fertilizers or pesticides. Notably, 
around 1990, nearly half of the United States' kaolin production 
was dedicated to its use in drilling mud, underlining its 
importance in this sector. Kaolin also finds applications as a 
filler, sealant, and catalyst in petroleum refining processes, 
further showcasing its versatility and utility across different 
industries [38–40]. 
 

A precise analysis of the kinetics and isotherms in the 
biosorption process is essential for gaining a comprehensive 
understanding of this phenomenon in various species. Scientific 
literature often presents linearized representations of what are 
inherently nonlinear curves in such data. However, the process of 
linearizing inherently nonlinear data alters the error structure 
associated with it. A drawback of this approach is that it tends to 
invalidate the assumption of a Gaussian distribution of residuals 
for the transformed data [41]. Consequently, quantifying 
uncertainty becomes more challenging, often depicted as a 95 
percent confidence range. This study aims to revisit and 
reanalyze a previously published work on Congo Red sorption 
onto kaolin [42], which employed linear regression to derive the 
best-fitting models. 
 
METHODs 
 
Data acquisition and fitting 
Figure 6a data from a previously published study [42] was 
digitized using the freeware Webplotdigitizer 2.5 [43]. 
Digitization using this program has been praised for its 
dependability [44]. After that, the data were nonlinearly 
regressed using the curve-fitting program Curve-Expert 
Professional (Version 2.6.5, copyright Daniel Hyams). Implicit 

equations were solved using MATLAB (Mathworks, 
Massachusetts, United States).   
 
Isotherms 
As the value of the data points is very small, only models 
having parameters of up to three were considered to prevent 
overfitting. 
 
Table 1. Mathematical models that were used in modelling data [45,46]. 
 
Isotherm p Formula Ref. 
Henry’s law 1 𝑞𝑞𝑒𝑒 = 𝐻𝐻𝐶𝐶𝑒𝑒 [47] 

Langmuir 2 𝑞𝑞𝑒𝑒 =
𝑞𝑞𝑚𝑚𝑚𝑚𝑏𝑏𝑚𝑚𝐶𝐶𝑒𝑒
1 + 𝑏𝑏𝑚𝑚𝐶𝐶𝑒𝑒

 
[45] 

Jovanovic 2 𝑞𝑞𝑒𝑒 = 𝑞𝑞𝑚𝑚𝑚𝑚(1 − 𝑒𝑒−𝐾𝐾𝑗𝑗𝐶𝐶𝑒𝑒) [48] 

Freundlich 2 𝑞𝑞𝑒𝑒 = 𝐾𝐾𝐹𝐹𝐶𝐶𝑒𝑒
1
𝑛𝑛𝐹𝐹 

[49] 

Dubinin-Radushkevich 
 2 𝑞𝑞𝑒𝑒 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒 �−𝐾𝐾𝑚𝑚𝑚𝑚 �𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 �1 +

1
𝐶𝐶𝑒𝑒
��
2

� 
[50,51] 

Temkin 3 𝑞𝑞𝑒𝑒 =
𝑅𝑅𝑅𝑅
𝑏𝑏𝑇𝑇

{𝑅𝑅𝑅𝑅(𝑎𝑎𝑇𝑇𝐶𝐶𝑒𝑒)} [52,53] 

Redlich-Peterson 3 𝑞𝑞𝑒𝑒 =
𝐾𝐾𝑚𝑚𝑅𝑅1𝐶𝐶𝑒𝑒

1 + 𝐾𝐾𝑚𝑚𝑅𝑅2𝐶𝐶𝑒𝑒
𝛽𝛽𝑅𝑅𝑅𝑅

 
[54] 

Sips 3 𝑞𝑞𝑒𝑒 =
𝐾𝐾𝑠𝑠𝑞𝑞𝑚𝑚𝑚𝑚𝐶𝐶𝑒𝑒

1
𝑛𝑛𝑆𝑆

1 + 𝐾𝐾𝑠𝑠𝐶𝐶𝑒𝑒
1
𝑛𝑛𝑆𝑆

 

[55] 

Toth 3 𝑞𝑞𝑒𝑒 =
𝑞𝑞𝑚𝑚𝑇𝑇𝐶𝐶𝑒𝑒

�𝐾𝐾𝑇𝑇 + 𝐶𝐶𝑒𝑒
𝑛𝑛𝑇𝑇�

𝑛𝑛𝑇𝑇  [56] 

Hill 3 𝑞𝑞𝑒𝑒 =
𝑞𝑞𝑚𝑚𝑚𝑚𝐶𝐶𝑒𝑒

𝑛𝑛𝐻𝐻

𝐾𝐾𝑚𝑚 + 𝐶𝐶𝑒𝑒
𝑛𝑛𝐻𝐻 

[57]  

Khan 3 𝑞𝑞𝑒𝑒 =
𝑞𝑞𝑚𝑚𝐾𝐾𝑏𝑏𝐾𝐾𝐶𝐶𝑒𝑒

(1 + 𝑏𝑏𝐾𝐾𝐶𝐶𝑒𝑒)𝑎𝑎𝐾𝐾  
[58] 

BET 3 𝑞𝑞𝑒𝑒 =
𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑇𝑇𝛼𝛼𝑚𝑚𝑚𝑚𝑇𝑇𝐶𝐶𝑒𝑒

(1 − 𝛽𝛽𝑚𝑚𝑚𝑚𝑇𝑇𝐶𝐶𝑒𝑒)(1 − 𝛽𝛽𝑚𝑚𝑚𝑚𝑇𝑇𝐶𝐶𝑒𝑒 + 𝛼𝛼𝑚𝑚𝑚𝑚𝑇𝑇𝐶𝐶𝑒𝑒) [59] 

Vieth-Sladek 3 𝑞𝑞𝑒𝑒 =
𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑏𝑏𝑚𝑚𝑚𝑚𝐶𝐶𝑒𝑒

(1 + 𝑏𝑏𝑚𝑚𝑚𝑚𝐶𝐶𝑒𝑒)𝑛𝑛𝑉𝑉𝑆𝑆  
[60] 

Radke-Prausnitz  3 𝑞𝑞𝑒𝑒 =
𝐴𝐴𝑚𝑚𝑅𝑅𝐵𝐵𝑚𝑚𝑅𝑅𝐶𝐶𝑒𝑒

𝛽𝛽

𝐴𝐴𝑚𝑚𝑅𝑅 + 𝐵𝐵𝑚𝑚𝑅𝑅𝐶𝐶𝑒𝑒
𝛽𝛽−1 

[61–
63] 

Brouers–Sotolongo 3 𝑞𝑞𝑒𝑒 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 �1 − exp (−𝐾𝐾𝑚𝑚𝑚𝑚𝐶𝐶𝑒𝑒
1
𝑛𝑛𝐵𝐵𝑆𝑆� 

 

[64,65] 

Fritz-Schlunder-III 3 𝑞𝑞𝑒𝑒 =
𝑞𝑞𝑚𝑚𝐹𝐹𝑚𝑚𝐾𝐾𝐹𝐹𝑚𝑚𝐶𝐶𝑒𝑒

1 + 𝐾𝐾𝐹𝐹𝑚𝑚𝐶𝐶𝑒𝑒
𝑛𝑛𝐹𝐹𝑆𝑆 [66] 

Fowler-Guggenheim* 
 

3 

 

𝑞𝑞𝑒𝑒 = 𝑞𝑞𝑚𝑚𝐹𝐹𝑚𝑚
𝐾𝐾𝑚𝑚𝐶𝐶𝑒𝑒𝑒𝑒

𝛼𝛼𝑞𝑞𝑒𝑒
𝑞𝑞𝑚𝑚𝐹𝐹𝑚𝑚

1 + 𝐾𝐾𝑚𝑚𝐶𝐶𝑒𝑒𝑒𝑒
𝛼𝛼𝑞𝑞𝑒𝑒
𝑞𝑞𝑚𝑚𝐹𝐹𝑚𝑚

 

[67] 

Moreau 
3 𝑞𝑞𝑒𝑒 = 𝑞𝑞𝑚𝑚𝑚𝑚

𝑏𝑏𝐶𝐶𝑒𝑒 + 𝑅𝑅𝑏𝑏2𝐶𝐶𝑒𝑒2

1 + 2𝑏𝑏𝐶𝐶𝑒𝑒 + 𝑅𝑅𝑏𝑏2𝐶𝐶𝑒𝑒2
 

[68] 

Unilan  3 𝑞𝑞𝑒𝑒 =
𝑞𝑞𝑚𝑚𝑚𝑚
2𝑏𝑏𝑚𝑚

𝑅𝑅𝑅𝑅 �
𝑎𝑎𝑚𝑚 + 𝐶𝐶𝑒𝑒𝑒𝑒𝑏𝑏𝑈𝑈

𝑎𝑎𝑚𝑚 + 𝐶𝐶𝑒𝑒𝑒𝑒−𝑏𝑏𝑈𝑈
� 

 

Baudu 4 𝑞𝑞𝑒𝑒 =
𝑞𝑞𝑚𝑚𝑚𝑚𝑏𝑏𝑚𝑚𝐶𝐶𝑒𝑒

(1+𝑥𝑥+𝑦𝑦)

1 + 𝑏𝑏𝑚𝑚𝐶𝐶𝑒𝑒
(1+𝑥𝑥)  

[69] 

Marczewski-Jaroniec 4 𝑞𝑞𝑒𝑒 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 �
�𝐾𝐾𝑚𝑚𝑚𝑚𝐶𝐶𝑒𝑒�

𝑛𝑛𝑀𝑀𝑀𝑀

1 + �𝐾𝐾𝑚𝑚𝑚𝑚𝐶𝐶𝑒𝑒�
𝑛𝑛𝑀𝑀𝑀𝑀�

𝑚𝑚𝑀𝑀𝑀𝑀
𝑛𝑛𝑀𝑀𝑀𝑀

 

[70] 

Fritz-Schlunder-IV  4 𝑞𝑞𝑒𝑒 =
𝐴𝐴𝐹𝐹𝑚𝑚𝐶𝐶𝑒𝑒

𝑎𝑎𝐹𝐹𝑆𝑆

1 + 𝐵𝐵𝐹𝐹𝑚𝑚𝐶𝐶𝑒𝑒
𝑏𝑏𝐹𝐹𝑆𝑆 

[66] 

Weber-van Vliet* 4 𝐶𝐶𝑒𝑒 = 𝑃𝑃1𝑞𝑞𝑒𝑒
�𝑅𝑅2𝑞𝑞𝑒𝑒

𝑅𝑅3+𝑅𝑅4� 
[71] 

Note *Implicit equation or function. 
 
 
Statistical analysis 
A set of statistical discriminatory tests such as corrected AICc 
(Akaike Information Criterion), Bayesian  Information  
Criterion  (BIC),  Hannan  and  Quinn’s  Criterion  (HQ),  Root-
Mean-Square  Error  (RMSE),  bias  factor  (BF),  accuracy  
factor  (AF) and adjusted coefficient of determination (R2) were 
used in this study. 
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The RMSE was computed using Equation 1, and it stands to 
reason that the fewer parameters utilized, the smaller the RMSE 
will be. n is for the total number of observations made in the 
experiment, Obi and Pdi stand for the total number of 
observations made in the experiment and projections, and p 
stands for the total number of parameters [41] . 
 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = �∑ (𝑅𝑅𝑃𝑃𝑖𝑖−𝑂𝑂𝑏𝑏𝑖𝑖)2𝑛𝑛
𝑖𝑖=1

𝑛𝑛−𝑝𝑝
   (Eqn. 1) 

Because R2 or the coefficient of determination ignores the 
number of parameters in a model, the modified R2 is used to 
overcome this limitation. The entire variance of the y-variable is 
given by S2y in the equation (Equations 2 and 3), while RMS is 
the Residual Mean Square. 
 
𝐵𝐵𝐵𝐵𝑎𝑎𝐵𝐵 𝑓𝑓𝑎𝑎𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 10 �∑ 𝑅𝑅𝑓𝑓𝑙𝑙𝑛𝑛

𝑖𝑖=1
(𝑅𝑅𝑃𝑃𝑖𝑖/𝑂𝑂𝑏𝑏𝑖𝑖)

𝑛𝑛
�  (Eqn. 2) 

 
𝐴𝐴𝑓𝑓𝑓𝑓𝐴𝐴𝑓𝑓𝑎𝑎𝑓𝑓𝐴𝐴 𝑓𝑓𝑎𝑎𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 10 �∑ 𝑅𝑅𝑓𝑓𝑙𝑙𝑛𝑛

𝑖𝑖=1
|(𝑅𝑅𝑃𝑃𝑖𝑖/𝑂𝑂𝑏𝑏𝑖𝑖)|

𝑛𝑛
� (Eqn. 3) 

 
The AICc is computed as follows (Equation 4), where p 

represents the number of parameters and n represents the number 
of data points. The corrected Akaike information criterion (AICc) 
is used to manage data with a large number of parameters but a 
limited number of values [72]. A model with a lower AICc score 
is considered more likely to be right [72]. The information theory 
is the foundation of the Akaike Information Criterion (AIC). It 
strikes a compromise between the goodness of fit of a given 
model and the model's complexity [73]. 
 
𝐴𝐴𝐴𝐴𝐶𝐶𝑓𝑓 = 2𝑒𝑒 + 𝑅𝑅ln �𝑚𝑚𝑚𝑚𝑚𝑚

𝑛𝑛
�+ 2(𝑝𝑝+1)+2(𝑝𝑝+2)

𝑛𝑛−𝑝𝑝−2
 (Eqn. 4) 

 
Another statistical tool based on information theory apart 

from AICc, is the Bayesian Information Criterion (BIC) 
(Equation 5).  The number of parameters is penalized more 
severely by this error function than by AIC [74]. 
 
𝐵𝐵𝐴𝐴𝐶𝐶 = 𝑅𝑅In �𝑚𝑚𝑚𝑚𝑚𝑚

𝑛𝑛
� + 𝑘𝑘In(𝑅𝑅)   (Eqn. 5) 

 
The Hannan-Quinn information criterion (HQC) 

(Equation 6) is another error function approach based on 
information theory. Because of the ln ln n element in the 
calculation, the HQC is more consistent than the AIC [72]. 
 
𝐻𝐻𝐻𝐻𝐶𝐶 = 𝑅𝑅𝐴𝐴𝑅𝑅 �𝑚𝑚𝑚𝑚𝑚𝑚

𝑛𝑛
� + 2𝑘𝑘In(In 𝑅𝑅)  (Eqn. 6) 

 
The Accuracy Factor (AF) and Bias Factor (BF) are two 

further error function analyses derived from Ross's work [72].  
These error functions evaluate models statistically for goodness-
of-fit but do not penalize for the number of parameters 
(Equations 7 and 8). 
 
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐵𝐵𝑓𝑓𝑒𝑒𝐴𝐴 (𝑅𝑅2) = 1 − 𝑚𝑚𝑚𝑚𝑚𝑚

𝑚𝑚𝑌𝑌2
       (Eqn. 7) 

 
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐵𝐵𝑓𝑓𝑒𝑒𝐴𝐴 (𝑅𝑅2) = 1 − (1−𝑚𝑚2)(𝑛𝑛−1)

(𝑛𝑛−𝑝𝑝−1)
  (Eqn. 8) 

 
Marquardt’s percent standard deviation (MPSD) is another 

penalty-imposed error function that has been extensively utilized 
in numerous isotherm studies. The function has some similarity 
to a geometric mean error distribution that is altered according to 
the system’s number of degrees of freedom [75]. Among the first 
to use this error function in the adsorption field is [76] and the 

error function’s official term that is known as MPSD (Equation 
9) was introduced by the McKay group  [77]. 
 

𝑅𝑅𝑃𝑃𝑅𝑅𝑀𝑀 = 100� 1
𝑛𝑛−𝑝𝑝

∑ �𝑂𝑂𝑏𝑏𝑖𝑖−𝑅𝑅𝑃𝑃𝑖𝑖
𝑂𝑂𝑏𝑏𝑖𝑖

�
2

𝑛𝑛
𝑖𝑖=1   (Eqn. 9) 

 
where n is the number of experimental data, p is the 

number of parameters, Obi is the experimental data, and Pdi is 
the value predicted by the model. 
 
RESULTS AND DISCUSSION 
 
The equilibrium data presented in (Homagai et al., 2022) 
underwent analysis using various models, including Moreau, 
BET, Vieth-Sladek, Khan, Radke-Prausnitz, Toth, Freundlich, 
Fritz-Schlunder III, Hill, Sips, Brouers–Sotolongo, Temkin, 
Unilan, Langmuir, Jovanovic, Fowler-Guggenheim, Redlich-
Peterson, Henry, and Dubinin-Radushkevich, which were 
employed for optimal fitting through non-linear regression. 
Notably, all of these models exhibited favorable fits with the data, 
except for the Henry and Dubinin-Radushkevich models, as 
illustrated in Figures 1 to 19. 
 

The Unilan isotherm model was identified as the best-
performing model based on a combination of evaluation criteria, 
including the smallest RMSE, high adjusted R2, Bayesian Factor 
(BF), and AICc values approaching unity. However, when 
considering AICc as the error function, the Langmuir model 
ranked first. In the majority error function analysis, using Unilan 
as an example, the subsequent best-performing models in 
descending order were Brouers–Sotolongo, Hill, Sips, and 
Langmuir. Despite Unilan's top ranking, its maximum adsorption 
capacity exhibited significant deviation from experimental 
values, with a large 95% confidence interval, suggesting a poor 
fit. In contrast, the Brouers–Sotolongo model demonstrated a 
more accurate maximum adsorption capacity estimation (qmBS) 
of 5.48 mg g-1, with a 95% confidence interval of 4.791 to 6.172, 
aligning better with experimental observations. As enough 
models fitted well with the kaolin data, it explains and justifies 
the accuracy of using nonlinear regression as against the linear 
regression used in the original publication which only reported 
the use of the linearised forms of the Langmuir and the 
Freundlich models. 

 

 
Fig. 1. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Henry model. 
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Fig. 2. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Langmuir isotherm model. 

 
Fig. 3. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Freundlich isotherm model. 

 
Fig. 4. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Temkin isotherm model. 

 
Fig. 5. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Dubinin-Radushkevich isotherm model. 

 
Fig. 6. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Jovanovic isotherm model. 

 
Fig. 7. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Redlich-Peterson isotherm model. 
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Fig. 8. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Sips isotherm model. 

 
Fig. 9. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Toth isotherm model. 

 
Fig. 10. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Hill isotherm model. 

 
Fig. 11. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Khan isotherm model. 

 
Fig. 12. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the BET isotherm model. 

 
Fig. 13. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Vieth-Sladek isotherm model. 
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Fig. 14. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Radke-Prausnitz isotherm model. 

 
Fig. 15. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Brouers-Sotolongo isotherm model. 

 
Fig. 16. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Fritz-Schlunder III isotherm model. 

 
Fig. 17. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Unilan isotherm model. 

 
Fig. 18. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Fowler Guggenheim isotherm model. 

 
Fig. 19. Congo Red’s adsorption isotherm onto kaolin as 
modelled using the Moreau isotherm model. 
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Table 2.  Error function analysis for the fitting of  the isotherm  of  Congo Red onto kaolin. 
 
Model No of parameter RMSE MPSD adR2 AICc BIC HQC BF AF 
Henry 1 2.553 0.180 0.016 21.044 0.000 13.375 0.168 6.489 
Langmuir 2 0.303 0.974 0.961 -1.091 13.990 -16.428 0.995 1.049 
Freundlich 2 0.570 0.885 0.828 7.771 -15.199 -7.566 1.041 1.149 
Temkin 3 0.338 0.974 0.948 14.909 -6.337 -15.096 0.995 1.049 
Dubinin-Radushkevich 2 3.395 -70.72 -106.58 32.756 -13.253 17.419 0.165 6.538 
Jovanovic 2 0.462 0.940 0.909 4.829 18.647 -10.508 0.983 1.089 
Redlich-Peterson 3 0.309 0.978 0.956 13.622 -9.279 -16.384 1.000 1.044 
Sips 3 0.296 0.979 0.959 13.058 -14.540 -16.948 1.003 1.052 
Toth 3 0.310 0.978 0.955 13.675 -15.104 -16.330 1.000 1.044 
Hill 3 0.296 0.979 0.959 13.058 -14.487 -16.948 1.003 1.052 
Khan 3 0.311 0.978 0.955 13.735 -15.105 -16.270 0.999 1.044 
BET 3 0.335 0.974 0.948 14.772 -14.427 -15.233 0.995 1.048 
Vieth-Sladek 3 0.335 0.974 0.948 14.763 -13.390 -15.242 0.995 1.048 
Radke-Prausnitz 3 0.311 0.978 0.955 13.735 -13.399 -16.271 0.999 1.044 
Brouers–Sotolongo 3 0.293 0.980 0.960 12.907 -14.427 -17.098 1.006 1.064 
Fritz-Schlunder III 3 0.309 0.978 0.956 13.622 -15.255 -16.384 1.000 1.044 
Unilan 3 0.290 0.980 0.961 12.731 -14.540 -17.275 1.004 1.052 
Fowler-Guggenheim 3 0.324 0.975 0.950 14.326 -15.431 -15.680 1.011 1.011 
Moreau 3 0.542 0.936 0.871 21.507 -13.836 -8.499 0.964 0.964 
Note: 
RMSE Root mean Square Error 
adR2 Adjusted Coefficient of determination 
p no of parameters 
AF Accuracy factor 
BF Bias factor 
BIC Bayesian Information Criterion 
AICc Adjusted Akaike Information Criterion 
HQC Hannan–Quinn information criterion 
 
 
Unilan (Unilin) model 
Unilan is another empirical correlation mentioned in the book by 
Valenzuela and Myers which was suggested for the equilibrium 
data analysis. The name Unilin is also utilized in some 
publications where the term UniLan should be used instead. The 
term UniLan comes from “Uniform distribution and Langmuir 
local” isotherm.  The Unilan equation assumes a patch-wise 
surface, with the local Langmuir equation valid on each patch 
[78].  
 

In this isotherm, qmU (mg g-1) is the maximum monolayer 
adsorption capacity predicted by Unilan isotherm, aU and bU are 
the Unilan equilibrium constant and model exponent, 
respectively. bU characterizes the heterogeneity of the system. 
The larger the value of this parameter, the system becomes more 
heterogeneous. If bU =0, in this limit, the value for the range of 
energy distribution becomes zero, and the UniLan equation is 
converted to the classical Langmuir equation [79]. The result of 
the remodeling exercise, however, was not conform to the 
observed experimental qm value of about 5 mg g-1 (Table 3). 
 
Langmuir isotherm 
Isotherm models typically span a spectrum from mechanistic to 
empirical, with the Langmuir isotherm falling firmly into the 
mechanistic category. This model postulates that adsorption 
occurs as a uniform monolayer on the adsorbent surface, 
assuming equal energy for all adsorption sites and structural 
homogeneity in the adsorbent [80]. Consequently, it predicts the 
formation of a monolayer coverage on the outer adsorbent 
surface due to the exponential decline in intermolecular 
interactions with increasing distance.  
 

This simplifies the relationship into a linear form and posits 
a constant monolayer adsorption capacity. Moreover, it suggests 
that Henry's model is valid for both highly dilute and 
concentrated solute concentrations [81].  

 
 
 

 
 

 
The Langmuir model, along with the Freundlich model, 

stands as one of the most commonly employed models in sorption 
studies. While the nonlinear regression approach yielded 
parameter predictions close to those in the original study, it was 
unable to provide a 95% confidence interval for the estimated 
parameters. The value of the maximum monolayer adsorption 
capacity for Congo Red binding to kaolin according to 
Langmuir’s parameter  qmL was 5.49 mg g-1 (95% Confidence 
interval from 5.018 to 5.967), while bL (L mg-1), the Langmuir 
model constants  was 0.5 L mg-1 (95% C.I. from 0.285 to 0.710). 
These values are very similar to the reported linear regressed 
values in the original publication for qmL  and bL values at 5.44 
mg g-1 and 0.50 L mg-1, respectively [42]. The values obtained 
here are much lower than other adsorbents (Table 4). 
 
Table 3. Isothermal models’ constants for the top seven models.   
 
Model  Unit Value 

 
(95% confidence 
interval) 

Unilan qmU 
bU 
aU 

mg g-1 1.85 
1.75 
2.31 

-4.913 to 8.610 
-1.552 to 5.053 
0.543 to 4.074 

Brouers–
Sotolongo 

qmBS 
KBS 
nBS 

mg g-1 5.48 
0.43 
1.82 

4.791 to 6.172 
0.274 to 0.593 
0.932 to 2.706 

Hill qmH 
nH 
KH 

mg g-1 

 

L mg-1 

5.701 
0.828 
2.006 

4.561 to 6.842 
0.222 to 1.434 
1.038 to 2.974 

Sips qmS 
KS 
nS 

mg g-1 

L mg-1 
5.701 
0.498 
1.21 

4.561 to 6.842 
0.258 to 0.739 
0.323 to 2.092 

Langmuir qmL  
bL  

mg g-1 
L mg-1 

5.49 
0.50 

5.018 to 5.967 
0.285 to 0.710 

Note 
#Isotherms that have no direct way in estimating the maximum adsorption capacity (mg g-1). 
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Table 4. Summary of Congo Red sorption by various adsorbents. 
 
Adsorbent Adsorption 

isotherm qm (mg g−1) Reference 

Cardamom peel Langmuir 69.93 mg g-1 [82] 
Hydrogel Nanocomposite Freundlich - [83] 
Onion peel Freundlich 91.53% [84] 
Amino-modified silica and 
graphene oxide 

Langmuir 
 

257.69 mg g-1 

 
[85] 
 

Corn stalk derived cellulose  5572 mg g-1 [86] 
magnetic cellulose-based ionic 
liquid adsorbent 

Langmuir 
 

1299.3 mg g-1 

 
[87] 
 

L-MOF-1 adsorbent Langmuir 12000 mg g-1 [88] 
Ladder chain Cd-based polymer Langmuir 16880 mg g-1 [89] 
Shrimp shell powder  276. 64 mg g-1 [90] 
Cellulose-based aerogel Langmuir 518.40 mg g-1 [91] 
Crab shell Langmuir 86.21 mg g-1 [92] 
Diethylenetriamine modified 
peanut shell cellulose Langmuir 111.86 mg g-1 [93] 

Magnetic mesoporous titanium 
dioxide-graphene oxide (Fe3O 
4@mTiO2@GO) 

Freundlich 
 
 

89.95 mg g-1 

 

 

[94] 
 
 

Chitosan-coated quartz sand Langmuir 96% [95] 
Groundnut shell carbon  - [96] 
Neem leaves Langmuir - [97] 
 
Brouers and Sotolongo 
Brouers et al. [64] developed an isotherm model for adsorption 
on heterogeneous surfaces using a deformed exponential 
(Weibull) function, extending the classical Langmuir isotherm to 
account for non-uniform adsorbent surfaces. This model operates 
on the assumption that the adsorbent surface comprises multiple 
patches of active sites, each with identical energy levels. The 
application of empirical laws within previously established 
models like Freundlich, Redlich–Peterson, Toth, and Sips 
(Generalized Freundlich isotherms) is justified by the complex 
interplay of factors influencing adsorption, dependent on surface 
characteristics and pore structures.  
 

The prevailing understanding is that lateral molecular 
interactions and surface heterogeneity, along with pore size 
distribution, offset each other's effects. This provides a rationale 
for the widespread adoption and successful use of these empirical 
formulations. In their study, Brouers et al. strive to establish a 
more physically grounded empirical set of isotherms, particularly 
through the exponent function, by considering a distribution of 
local isotherms that are averaged using a distribution of local 
adsorption energies, thereby advancing the foundation of 
adsorption modeling. Another way is to use a Monte Carlo 
simulation.  

 
This model, which is very similar to the Jovanovic isotherm, 

presupposes that the pace at which the percentage of the surface 
that is not occupied by adsorbate molecules decreases is 
proportional to a specific power of the partial pressure of the 
adsorbate. This power is specified by the model [98]. In this 
model, the parameters appearing in the isotherm equation have a 
simple, clear physical interpretation. Thus, qmBS is the maximum 
quantity biosorbed, KBS measures how fast the sorption process 
progresses as Ce increases and the exponent 1/nBS, which is equal 
to or smaller than the Langmuir exponent (1/n), is a measure of 
the heterogeneity of the sorption energy distribution. The 
parameter nBS is related with the distribution of adsorption energy 
and the energy of heterogeneity of the adsorbent surfaces at the 
given temperature. 
 
Hill and Sips models  
None of the isotherm models discussed thus far take into 
consideration the lateral interactions that can occur among 
adsorbate molecules on a solid surface. These interactions 

become notably stronger as the surface becomes more densely 
covered. In most scenarios, these intermolecular forces allow 
molecules attached to the solid surface to move relatively freely 
[99]. Consequently, these molecules must overcome potential 
barriers arising from the periodic structure of the solid surface 
and the subsequent periodic fluctuation in adsorption energy 
[100]. The Hill model was proposed, based on the concept of a 
mobile first layer adhering to a two-dimensional van der Waals' 
equation.  
 

Nevertheless, the Hill model is most effective in situations 
with moderately high concentrations. It serves as an indicator of 
how strongly an adsorbent is attracted to the adsorbates it is 
designed to process due to the steepening effect it imparts on 
isotherm curves with increasing KH. By adjusting the values of 
nH, the Hill model can accurately describe a variety of isotherms, 
including S- and L-shaped curves. An S-shaped curve typically 
signifies attractive interactions among adsorbed species, but in 
this investigation, the nH value is less than zero, suggesting the 
absence of a sigmoidal connection. Intriguingly, Chu et al. 
recently demonstrated that the Hill, Liu, Sips, and Koble–
Corrigan isotherms are mathematically equivalent [101], a 
finding consistent with the identical maximum adsorption 
constants obtained for the Hill and Sips models in this study. 
 
CONCLUSION 
 
Nonlinear regression was applied to the adsorption isotherm data 
for Congo Red dye on kaolin, employing various models with 
one to three parameters each. Several evaluation metrics, 
including Root Mean Square Error (RMSE), adjusted coefficient 
of determination (adjR2), bias factor (BF), accuracy factor (AF), 
bias information coefficient (BIC), and the corrected Akaike 
Information Criterion (AICc), consistently revealed that the 
Freundlich model outperformed the other models, emerging as 
the most suitable model based on comprehensive criteria 
assessment. The best isotherm model was found to be the Unilan 
followed by (descending order) Brouers–Sotolongo, Hill, Sips 
and Langmuir. The Unilan maximum adsorption capacity, shows 
a large deviation from the experimentally observed value with a 
large 95% confidence interval, indicating poor fitting parameters. 
The maximum adsorption capacity can be obtained using the next 
best models, which were Brouers–Sotolongo and Langmuir 
models. The fact that the value for the maximum adsorption 
constants of the Hill and Sips models are the same reiterates 
previous findings that both models are equivalent and only one 
of them should be used. The nonlinear regression approach 
represents parameter values in the 95% confidence interval 
range, which allows for better comparison with published 
findings. 
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